A paired-dominating set of a graph G is a dominating set of vertices whose induced subgraph has a perfect matching, and a double dominating set is a dominating set that dominates every vertex of G at least twice. We show that for trees, the paired-domination number is less than or equal to the double domination number, solving a conjecture of Chellali and Haynes. Then we characterize the trees having equal paired and double domination numbers.
Introduction

In a graph G = (V , E) the open neighborhood of a vertex v ∈ V is N(v)
The domination number (G) is the minimum cardinality of a dominating set of G.
In this paper, we consider dominating sets S with the additional property that S dominates each vertex in V at least twice (double domination) or the property that all the vertices of S can be matched (paired-domination). Formally, a subset S of V is a double dominating set of G if for every vertex v ∈ V , |N [v] ∩ S| 2, that is, v is in S and has at least one neighbor in S or v is in V -S and has at least two neighbors in S (see [2] ). A set S is called a paired-dominating set if it dominates V and the induced subgraph S contains at least one perfect matching. A paired-dominating set S with matching M is a dominating set S = {v 1 , v 2 , . . . , v 2t−1 , v 2t } with independent edge set M = {e 1 , e 2 , . . . , e t }, where each edge e i joins two elements of S, that is, M is a perfect matching (not necessarily induced) in the induced subgraph S . If v j v k = e i ∈ M, we say that v j and v k are paired in S (see [4] ). The double domination number ×2 (G) is the minimum cardinality of a double dominating set of G, and the paired-domination number pr (G) is the minimum cardinality of a paired-dominating set of G. A paired (respectively, double) dominating set of minimum cardinality is called a pr (G)-set (respectively, ×2 (G)-set). Clearly, (G) pr (G) and (G) ×2 (G) for any graph G without isolated vertices. For more comprehensive treatment of domination and forterminology not defined here, see [3] .
Both double and paired-domination numbers are basic parameters in the sense that they are defined for every graph without isolated vertices. Both are also rich in applications. For an example of an application consider prisoners and guards, where the concept of domination is that each prisoner can be seen by some guard. In paired-domination, securing of the prisoners as well as safety for the guards is considered by providing a designated backup for each guard. Double domination increases security by requiring that each prisoner is guarded by two or more guards.
A subdivided star is a star where each edge is subdivided exactly once. A corona G • K 1 is the graph formed from G by adding a new vertex v for each v ∈ V (G) and the edge vv . As noted in [1] , paired and double domination numbers are incomparable in general graphs. For example, if the graph G = mK 2 or G is a subdivided star of order at least 5, we have pr (G) = ×2 (G). But the difference ×2 (G) − pr (G) can be arbitrarily large as can be seen with the corona K 2k • K 1 where ×2 (G) = 4k and pr (G) = 2k. On the other hand, the difference pr (G) − ×2 (G) can also be arbitrarily large. To demonstrate this, we form the graph G k from a vertex x and k disjoint copies of C 6 (where the ith copy of C 6 is labelled v i, 1 
However, Chellali and Haynes [1] showed that for clawfree graphs the paired-domination number is bounded above by the double domination number, and conjectured that this bound also holds for trees. In this paper, we prove the conjecture and characterize the trees T for which pr (T ) = ×2 (T ).
Main results
We shall prove the following relationship between paired and double domination numbers of trees.
Theorem 1. For any nontrivial tree T, pr (T ) ×2 (T ).
Our next result gives both a descriptive and a constructive characterization for trees having equal paired and double domination numbers. To state the characterizations, we define a family T of trees to consist of all trees T that can be obtained from a sequence T 1 , T 2 , . . . , T k (k 1) of trees such that T 1 is the path P 2 , T = T k , and, if k 2, T i+1 can be obtained recursively from T i by one of the following operations: let one the vertices of T 1 be considered a support and the other a leaf, and let C(T 1 ) = ∅.
• Type-1 operation: Attach a path P 3 by adding the edge wy where w is a leaf of the P 3 and y is a support vertex of T i .
Let C(T i+1 ) = C(T i ) ∪ {w}.
• Type-2 operation: Attach a path P 2 by adding an edge between a leaf of the P 2 and a vertex of C(T i ). Let C(T i+1 ) = C(T i ).
• Type-3 operation: Attach a path P 5 with center w by adding an edge between w and a vertex of
Note that for every i, 1 i k, C(T i ) is the set of vertices of T i that are neither support vertices nor leaves.
Theorem 2.
For any nontrivial tree T, the following statements are equivalent: 
Proof of Theorem 1
We first make some straightforward observations.
Observation 3. For any graph G, (1) a support vertex is in every pr (G)-set and in every ×2 (G)-set; (2) a leaf is in every ×2 (G)-set.
We now prove Theorem 1.
Proof. Let T be a nontrivial tree with a ×2 (T )-set S, where M is a maximum matching of S and B is the set of vertices incident to the edge set M. If M is a perfect matching, then B = S and B is a paired-dominating set of T, and hence the theorem holds. Thus, assume that B = S, and let A be the set of vertices of S that are not saturated by M, that is, A = S − B. Clearly, A is independent and since S is a double dominating set, each vertex of A has a neighbor in B. Thus, B is a paired-dominating set of S . If B dominates V , then B is a paired-dominating set of T, and hence, pr (T ) |B| |S| = ×2 (T ). Thus, assume that A is the set of vertices in V -S that are not dominated by B. Since S is a double dominating set of T , it follows that each vertex v in A is adjacent to at least two vertices of A.
Consider the bipartite graph D(A, A ) induced by the vertices of A and A , where the only edges considered are those of T between the vertices of A and the vertices of A . Without loss of generality, we suppose that D(A, A ) is connected, for otherwise we can repeat the procedure described below for each component. Let x 1 , x 2 , . . . , x p be the vertices of A and A 1 , A 2 , . . . , A p the subsets of A ordered as follows:
Since each vertex in A is adjacent to at least two vertices in A, we have |A 1 | 2. Also, since T is a tree and D(A, A ) is a connected graph, each vertex x k for k 2 has exactly one neighbor in
Let M be the set of edges in D(A, A ) selected as follows by beginning with k going from p down to 2: an edge x k a r for some a r ∈ A r with r < k is in M if and only if x k is not dominated by a vertex incident to an edge of M . Let B the set of vertices incident to edges of M . Note that M is a matching and B dominates A − {x 1 }. Since every vertex x k , 2 k, has at least one neighbor in A k and x k a r ∈ M implies that a r / ∈ A k , we have that for every vertex in A ∩ B there exists a vertex in A not belonging to B and hence,
is dominated by B and hence, B ∪ B is a paired-dominating set of T. This implies that pr (T ) |B ∪ B | |B| + |A| = ×2 (T ).
If B ∩ A 1 = ∅, then |B | = 2|M | |A − A 1 |. Let a 1 be a vertex of A 1 adjacent to x 1 , M = M ∪ {x 1 a 1 }, and B = B ∪ {x 1 , a 1 }. Since |A 1 | 2, we have |B | = |B ∪ {x 1 , a 1 }| |A|. Consequently, B ∪ B
is a paired-dominating set for T, and hence, pr (T ) |B ∪ B | |B| + |A| = ×2 (T ). This completes the proof.
From Theorem 1, we know that (T ) pr (T ) ×2 (T ) for any nontrivial tree T. This inequality chain may be totally strict and the difference between any two of the parameters can be arbitrarily large for trees. To see this, consider a tree T k obtained from a path P k where for each vertex v i ∈ V (P k ), 1 i k, two disjoint copies of P 3 are added with an edge from the center of each P 3 to v i . Then T k is of order 7k with (T k ) = 2k, pr (T k ) = 4k, and ×2 (T k ) = 6k. On other hand, we have the following.
Proposition 4. For any nontrivial tree T, (T ) < ×2 (T ).
Proof. By Observation 3, every ×2 (T )-set S contains all the leaves and support vertices of T. But then S minus the leaves is a dominating set of T. But, if T is order greater than 2, then (T ) < ×2 (T ).
Corollary 5. There is no tree T with (T ) = pr (T ) = ×2 (T ).
Proof of the equivalence of Statements (a) and (b) of Theorem 2
Our aim in this section is to give a descriptive characterization of the trees T having pr (T ) = ×2 (T ). For this purpose, we first introduce additional terminology and prove two lemmas.
Let 
Lemma 6. If pr (T ) = ×2 (T ) for a tree T, then each support vertex of T is adjacent to exactly one leaf.
Proof. Assume for a contradiction that there is a support vertex x adjacent to two leaves u and v. By Observation 3, x must in every pr (T )-set and in every pr (T − u)-set. Also, every pr (T − u)-set is a paired-dominating set of T. Moreover, {x, u, v} is a subset of every ×2 (T )-set, while x and v are in every 
Proof. Since T w is a subdivided star of order at least 5, it is straightforward to see that pr (T w ) = ×2 (T w ) = |L(T w )| + |S(T w )| = 2|S(T w )|.
Since
any pr (T y )-set can be extended to a paired-dominating set of T by adding the vertices in S(T w ) ∪ L(T w ), we have pr (T ) pr (T y ) + 2|S(T w )|. From Theorem 1, pr (T ) = ×2 (T ) pr (T y ) + 2|S(T w )| ×2 (T y ) + 2|S(T w )|.
Hence it suffices for us to show that ×2 (T ) 
We now give a descriptive characterization of the trees T for which pr (T ) = ×2 (T ).
Theorem 8. A nontrivial tree T has pr (T ) = ×2 (T ) if and only if T = P 2 or each vertex of S(T ) is adjacent to exactly one leaf, S(T ) is an independent set, and T has a unique ×2 (T )-set, namely, S(T ) ∪ L(T ).
Proof. Obviously, pr (P 2 ) = ×2 (P 2 ), so assume n 3. Let D = S(T ) ∪ L(T ) be the unique ×2 (T )-set where |D| = 2k, that is, |S(T )| = |L(T )| = k. By Theorem 1, pr (T ) ×2 (T ) = 2k. Let S be a pr (T )-set. From Observation 3, we know that S(T ) ⊆ S. Moreover, every support vertex must be paired with another vertex. Since S(T ) is an independent set, no pair of support vertices are adjacent, that is, support vertices cannot be paired with each other. Hence, |S| 2k, and so pr (T ) = ×2 (T ).
For the converse, assume that pr (T ) = ×2 (T ). From Lemma 6, we have that each vertex of S(T ) is adjacent to exactly one leaf.
We proceed by induction on the order n of T. Obviously, if T = P 2 , the theorem holds. Since no tree of order 3 or 4 has equal paired and double domination numbers, we may assume that n = 5. Lemma 6 implies that T = P 5 and again the properties hold.
Let n 6, and assume that any tree T of order n < n for which pr (T ) = ×2 (T ) satisfies the properties of the theorem. Let T be a tree of order n with pr (T ) = ×2 (T ).
First assume for a contradiction that T has a pair of adjacent support vertices, say u and v. Let u and v be the leaves adjacent to u and v, respectively. Root T at v, and let T = T − T u . Note that T is rooted at v. Obviously,
×2 (T ) ×2 (T u ) + ×2 (T ) and pr (T ) pr (T u ) + pr (T ). Observation 3 implies that {u, u , v, v } ⊆ D for any ×2 (T )-set D. Thus, ×2 (T ) ×2 (T u ) + ×2 (T ), and hence, ×2 (T ) = ×2 (T u ) + ×2 (T ). Theorem 1 implies that pr (T ) pr (T u ) + pr (T ) ×2 (T u ) + ×2 (T ) = ×2 (T ) = pr (T ). It follows that pr (T u ) = ×2 (T u ) and pr (T ) = ×2 (T ).
Thus we can apply our inductive hypothesis to T u and to T . Hence, T u has a unique ×2 (T u )-set S 1 which is also a pr (T u )-set with matching M 1 , where {u, u } ⊆ S 1 and uu ∈ M 1 . Similarly, T has a unique ×2 (T )-set S 2 which is a pr (T )-set with matching M 2 , where {v, v } ⊆ S 2 and vv ∈ M 2 . But then (S 1 ∪ S 2 ) − {u , v } with matching ((M 1 ∪ M 2 ) − {uu , vv }) ∪ {uv}is a paired-dominating set of T with fewer than pr (T )-vertices, and we have the desired contradiction.
Henceforth we can assume that T has no adjacent support vertices, that is, S(T ) is independent.
Next root T at a vertex r, and let v be a vertex at a longest distance from r. Necessarily v is a leaf. Let u be the parent of v and w be the parent of u in T.
Since T has no adjacent support vertices, w is not a support vertex. By Lemma 6, u is adjacent to exactly one leaf. Moreover, our choice of v implies that deg(u) = 2 (for otherwise, there exists a vertex farther from r than v is). Our choice of v also implies that every child of w is a support vertex adjacent to exactly one leaf, that is, T w is a subdivided star. If w = r, then T is a subdivided star of order at least 5 and the theorem holds. Thus, assume that w = r, and let y be the parent of w.
Let T = T − T w . Since w is not a support vertex, y is not a leaf in T and so T is a nontrivial tree. If deg T (w) = 2, then T w = P 3 . Since any pr (T )-set can be extended to a paired-dominating set of T by adding the vertices u and v, it follows that pr (T ) = ×2 (T ) pr (T ) + 2 ×2 (T ) + 2 (by Theorem 1). Assume that 
. Now in both cases we can apply our inductive hypothesis to T . Let If
Proof of the equivalence of Statements (a) and (c) of Theorem 2
To complete the proof of Theorem 2, we provide a constructive characterization of the trees T for which pr (T ) = ×2 (T ). Let T be the family of trees formed by the three operations as described in Section 2. Note that C(T ) is by construction the set of vertices of T that are neither support vertices nor leaves, and
Theorem 9. For any tree T, pr (T ) = ×2 (T ) if and only if T ∈ T.
Proof. Suppose T ∈ T. Then there is a sequence T 1 , T 2 , . . . , T k (k 1) of trees such that P 2 = T 1 , T = T k , and, if k 2, T i+1 can be obtained recursively from T i by an operation of Type-1, Type-2, or Type-3. From the way in which T is constructed, the set of supports and leaves, that is, V (T ) − C(T ), is a ×2 (T )-set and a pr (T )-set.
To prove the converse, we proceed by induction on the order n of T for which pr (T ) = ×2 (T ). Obviously, if T = P 2 , we have T ∈ T. Since no tree of order 3 or 4 has pr (T ) = ×2 (T ), we may assume that n = 5. Lemma 6 implies that T = P 5 . But then T can be obtained from P 2 by one operation of Type-1, and hence, T ∈ T. Let n 6 and assume that any tree T of order n < n that satisfies pr (T )= ×2 (T ) belongs to T. Let T be a tree of order n with pr (T )= ×2 (T ).
We now root T at a vertex r, and let v be at a maximum distance from r. Necessarily, v is a leaf. Let u be the parent of v in the rooted tree T. By our choice of v, the only children of u must be leaves (else there exists a vertex farther from r than v is). But by Lemma 6, u is adjacent to exactly one leaf implying that deg(u) = 2. Let w be the parent of u.
Theorem 8 implies that w is not a support vertex. Hence our choice of v implies that any child of w must be a support vertex. If w = r, then T is a subdivided star and can be obtained from P 2 using Type-1 and Type-2 operations. Hence, T ∈ T.
Thus, assume that w = r, and let y be the parent of w in the rooted tree T. Let T = T − T w . Since w is not a support vertex, y is not a leaf in T and hence, T is a nontrivial tree. Moreover, if T has order 2, then T is a subdivided star and we are finished, so assume T has order at least 3. If deg T (w) 3, then by Lemma 7, pr (T ) = ×2 (T ). If deg T (w) = 2, then we use the proof of Theorem 8 to show that pr (T ) = ×2 (T ). In any case, T is a nontrivial tree of order less than n satisfying pr (T ) = ×2 (T ). Applying our inductive hypothesis to T , we have that T ∈ T.
From ∈ D, it follows that D must double dominate T , a contradiction. Hence, y is not a leaf of T implying that y ∈ C(T ). Therefore, T can be obtained from T using a Type-3 operation followed by zero or more Type-2 operations.
